The localization of an oscillator in a dissipative environment may be characterized by its mean square displacement. In the case of a general heat bath, we write down an expression for this quantity as an integral involving the imaginary part of the generalized susceptibility. This integral is evaluated explicitly in the case of both Ohmic and blackbody radiation heat baths, leading us to the conclusion that localization is enhanced by an increase of dissipation or oscillator frequency (binding) and by a decrease in temperature.
Introduction
Dissipative effects are ubiquitous in many areas of physics. In some previous publications [ 1, 2] we argued the merits of treating an exactly solvable model of a heat bath, which we referred to as the IO model [2] . In particular, this model can be shown to describe many kinds of dissipative environments, such as Ohmic heat baths or the physically important case of a blackbody radiation heat bath [2] .
In order to gain further insight into the nature of the IO model, we are motivated to examine in detail the effect of dissipation on the mean square displacement or, equivalently, the equal-time position autocorrelation function. In particular, such a quantity may be used to calculate the effect of dissipation on the localization of an oscillator. Some investigations have already been carried out for the case of an Ohmic heat bath [3] . Our purpose here is to expand these investigations but, more important, to extend these considerations to the case of a blackbody radiation heat bath.
A powerful tool for solving the problem of the interaction of a quantum system with a heat bath is the generalized quantum Langevin equation, which, 
This is an equation for the time-dependent
Heisenberg operator x(f). The coupling with the heat bath corresponds to two terms: an operator-valued random force F(t) with mean zero, and a mean force characterized by a memory function p(t). Forming the Fourier transform of (l.l), we obtain q(w) = a(o) &o) ) (1.2)
where the superposed tilde denotes the Fourier transform, and a(w) is the generalized susceptibility (a c-number) given by
where m The generalized susceptibility plays an important role in determining the dynamics of the system. On applying the fluctuation-dissipation theorem, we immediately obtain [3, 4] Since the factor coth(fio/2kT) in the integrand of (1.6) is a monotonically increasing function of T, it follows, by (1.5), that (x2) is also a monotonically increasing function of T, i.e., & (2) >o.
(1.7)
In other words, as we might expect, in the case of an arbitrary spectral distribution, higher temperatures favor delocalization.
In sections 2 and 3, we shall calculate in detail, using (1.6), the mean square oscillator displacement and its derivatives for both Ohmic and blackbody radiation heat baths, at zero and non-zero temperatures.
In section 4, we present our conclusions.
Ohmic heat bath
This is the simplest type of heat bath with i(w) = my, a constant independent of the frequency o. The corresponding generalized susceptibility, by
where w1 2 = 1 y * ijIG. At zero temperature (T = 0), coth(fio/2kT) = 1. Inserting this and (2.3) in (1.6), we obtain the mean square oscillator displacement at zero temperature From (2.4), we see that for o0 -% $y this function reduces to (2fil~my) ln(yl CL+,), for k y + w,, it reduces to ti/2mw, and for $ y = w0 it equals hlnmo,, = 2fil army. These results already appear in the work of ref. [3] (p. 437). Our purpose here is to use them to investigate the detailed behavior of the mean square displacement on the parameters y and K and eventually compare them with the corresponding results in the case of a blackbody radiation heat bath.
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Both derivatives may be shown to be negative by use of the inequalities: tan-'x<x (x>O) and 1 ln[(l+ x)/(1 -x)] >x (O<x< 1) in (2.5); tan~'x>x/(1+x2)(x>0)and$1n[(1+x)/(1-x)]<x/(1-x2)(0<x<1)in (2.6), respectively. Thus, we conclude that, at zero temperature, localization becomes enhanced due to increasing of y (i.e. damping) or K (i.e. binding).
Next we consider the case of non-zero temperature. Since
denoting the temperature dependent part of (x") as A( x2), we have and we have used the formula We conclude that in the case of an Ohmic heat bath, at arbitrary temperature, the mean square displacement of a quantum oscillator monotonically decreases (so that the oscillator becomes more localized) with increasing y or K.
It is also of interest to check the y+ O+ limit of (x2). In the absence of a heat bath, (2.10) becomes zr,* = Wq/2nkT.
By using the recursion formula, I,!J(Z + 1) = Jl(z) + 1 /z, and the reflection formula, $( 1 -z) = J/(z) + x cot(nz), (2.12) can be reduced to which is exactly the result for a free quantum oscillator at temperature T.
Blackbody radiation heat bath
In this case, the spectral distribution function is [1, 2] E(o) = 2e2~*0/3c3(~ + ia), where 0 is a large cutoff frequency.
Here one must be careful to go to the large-cutoff limit only after the completion of the integral in (1.6). The order can be of importance in some cases, as will be shown later in the calculation. (In particular, note the In m in (3.13) which is divergent in the large cutoff limit).
Putting (3.1) into (1.3) and factoring the denominator, we have [l] (Y(o) = w+ifl m(w + i0')(0: -o* -iyw) ' (3.8) (3.9) In the large-cutoff limit (0' ZP y and 0' % wO), the first terms in (3.5) and (3.9) are negligible and we remark that similar limits are obtained if one first took the large-cutoff limit in a(~) itself. Substituting (3.9) into (1.6) and using (3.8), we obtain doIma(w)=-~Im(AlnL?'+Blno,+Clnw,). The omitted terms are all of the order of m/M. From the last of equations (3.11), it is clear that y is a function of w,,, and hence the only independent parameters in this problem are T and wO. In fact for m + 0, it is clear from (3.10) to (3.12) that the integral expression for (x') in the blackbody radiation case is the same as that in the Ohmic case except for an extra factor of o'/w~ in the integrand, which results in a linear divergent integral in the blackbody case. However, if the integration is performed before the large-cutoff limit is taken (which is the preferred procedure), then a logarithmically divergent result is obtained (see (3.13)). Let us, first of all, examine the zero temperature case. Using (3.11) and (3.12) in (3.10), we obtain In other words, in the case of a blackbody radiation heat bath at zero temperature, localization is enhanced due to increased K. Expressions (3.13) and (3.14) are written in the form valid for w0 > IY. In the case of q, < iy, one needs just to replace (wi - We now turn to the case of non-zero temperature. For the temperature dependent part of (x2), the contribution due to the first term of Im (Y(O) in (3.9), when inserted in (2.7), is which, by using the asymptotic expansion of 4(z), Thus, to calculate A(x'), one might simply take the large-cutoff limit in (Y(O) first before the integration. This is valid here because the resulting integral is finite, hence the order of limiting and integrating can be exchanged. Combining the remaining two terms in (3.9) with (2.8) and (2.11), we obtain Next consider the wo7, 4 1 limit, which is true in most circumstances, since T, is typically exceedingly small (T, = 2 x 1O-24 s in the case of the electron). Then We conclude that, in the case of a blackbody radiation heat bath, at any temperature, the localization is enhanced due to increasing K (i.e. increased binding). A similar result holds in the case of increasing dissipation since y is proportional to K.
Conclusions
In the case of an arbitrary spectral distribution we have shown that localization increases with decreasing temperature. Also, we have shown that, in the case of an Ohmic heat bath and a blackbody radiation heat bath, at any temperature, either increase of dissipation or increase of binding leads to an enhancement of localization.
